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Abstract. In this paper wc consider the following problem: is it possible 
to recover a smooth plane curve of degree d > 3 from its inflection lines? 
We answer positively to the posed question for a general smooth plane quartic 
curve, making the additional assumption that also one inflection point is given, 
and for any smooth plane cubic curve. 



1. Introduction 

In the last decade, several reconstruction theorems for plane and canonical curves 
defined over the field of complex numbers appeared in the literature. We mention 
the papers [CSl] and [LI], the first one showing that a general smooth plane quartic 
curve can be recovered from its 28 bitangents and the second one generalizing the 
result to any smooth plane quartic. The result is extended in [CS2] to a general 
smooth canonical curve and in [GS] to a general principally polarized abelian variety 
considering theta hyperplanes, the natural generalization of the bitangents of a 
plane quartic. Recently, an effective algorithm reconstructing a canonical curve 
from its theta hyperplanes has been obtained in [L2]. 

In this paper we consider other distinguished lines associated to a plane curve. 
Recall that a smooth plane curve of degree d > 3 has 3d{d — 2) inflection lines, 
counted with multiplicity, i.e. lines cutting the curve in a point with multiplicity at 
least 3, called inflection point of the curve. It is therefore natural to ask whether or 
not a plane curve of degree d can be reconstructed from its inflections lines. Here 
we investigate the case of curves of degree at most 4, i.e. plane cubic curves and 
plane quartic curves. 

The properties of the inflections points of plane curves have been widely studied 
by the classical geometers. For example, in [HI, H2], O. Hesse studied a pencil, 
also known as the Hesse pencil, given by the equation 

Ao(a;^ + z^) - SXixyz = 

where [Ao,Ai] e and x,y,z are homogeneous coordinates on P^. The curves 
appearing in this pencil share the same inflection points (see also the proof of 
Theorem 4.2). For more details on the Hesse pencil, we refer the reader to [AD]. 
In [W], R.M. Winger considered curves of degree six sharing some inflection lines. 
More precisely, he introduced a pencil of plane curves of degree six with 12 common 
inflection points and 6 common inflection lines. But, to our knowledge, the problem 
of whether or not two distinct plane curves of degree d could also share the whole 



The first author was partially supported by CNPq, processo 300714/2010-6. 
The second author was partially supported by EPSRC grant number EP/F060661/1. 

1 



2 



MARCO PACINI AND DAMIANO TESTA 



set of inflection lines has never been considered, even for d = 3, and therefore this 
question is still open. 

The interest in reconstructing results for a smooth plane quartic curve consists 
also in the attempt to give an improved version of the classical Torelli Theorem for 
non-hyperelliptic curves of genus 3. Indeed, let C be a smooth plane quartic curve 
and J(C) its Jacobian, with principal polarization 6(C). Let 0(C) — >■ (P^)^ be 
the Gauss map. If C can be recovered by a finite set of its dual curve, then only a 
finite number of points in the image of the Gauss map are necessary to recover C. 
We refer to [ACGH, page 245] for more details on the Torelli map. 

For plane quartic curves, we need to make an additional assumption in the 
reconstruction result of Theorem 3.3, which we can state as follows. 

Theorem 1. The general smooth plane quartic curve defined over the field of com- 
plex numbers is uniquely determined by its inflection lines and one inflection point. 
In other words, let L C be a line and p L a point. Let Xi and X2 be smooth 
plane quartic curves admitting L as inflection line and p as inflection point. If 
Xi is sufficiently general, and if Xi and X2 have the same inflection lines, then 
Xi = X2 . 

To prove Theorem 1, we use the same degeneration technique developed in [CSl]. 
Indeed, in Section 2, we study degenerations of inflection lines when a smooth 
quartic approach a singular one and in Lemma 3.2 we show that a nodal curve 
which is the union of a line and an irreducible cubic with a node is determined 
by limit inflection lines. Then we deduce the result for general smooth curves 
in Theorem 3.3, showing that a certain morphism is etale exactly as in [CSl]. 
In Lemma 3.2 we prove that the map associating to a smooth plane quartic its 
configuration of inflection lines is gcnerically finite onto its image. Nevertheless, 
the following problem remains open 

Question. Is it possible to recover a smooth plane quartic curve only from its 
inflection lines? 

For plane cubic curves, we can state our reconstruction result contained in The- 
orem 4.6. 

Theorem 2. Let C C P^ be a smooth plane cubic curve over a field k of charac- 
teristic different from three and let Tc C (P^)^ be the set of inflection lines of C . 
There is a unique (geometrically) integral curve C C (P^)^ such that 

• i/char(fc) ^ 2, then C is a sextic with cusps at the points ofTc; 

• i/char(fc) — 2 and j{C) 7^ 0, then C is a cubic containing Tc; 

• z/ char(fc) = 2 and j{C) — 0, then C is a cubic containing Tc, with van- 
ishing j -invariant. 

Moreover, the space of cubics in (P^)^ containing Tc has dimension one if and only 
z/ (char(fc), j(C)) = (2,0). In all cases, the curve C described above is the dual of 
the curve C . 

The proof of this result proceeds by reconstructing the dual of the initial plane 
cubic. There are two configuration of nine points that are used in the argument: the 
nine inflection points in the plane contaning the cubic and the nine inflection lines in 
the dual projective plane. The inflection lines are the base locus of a Halphen pencil 
of plane sextics of genus one. If the characteristic of the ground field is different 
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from two, then we prove that an integral plane sextics with a singularity at one of 
these points is automatically singular at all the nine points and the singularities 
are all cuspidal. This cuspidal curve is the dual of the initial plane cubic and the 
reconstruction follows by projective duality. In this proof it is important that the 
dual of the plane cubic is a curve of degree six with cuspidal singularities at nine 
points, and can therefore be identified with a curve in the anti-bicanonical linear 
system of a blow up of the dual projective plane. 

1.1. Notation. Throughout the paper we use the following notation and termi- 
nology. In Section 2 and Section 3, we work over C. A curve is a projective, local 
complete intersection connected and reduced scheme of pure dimension 1. If C is 
a curve, then gc '■= ^ — x(^c) is the genus of C and ujc is its dualizing sheaf. 
Moreover, C*™ is the smooth locus of C and C^™^ ;= C — C^™' . If _D is a divisor 
of a curve C, we denote by VpD the multiplicity of D at p, for a point p G C*"'. 

A nodal curve is a curve whose singular points are nodes. A subcurve Z of a 
curve C is a non-empty union of irreducible components of C such that Z C. C. If 
Zi and Z2 are subcurves of a curve C with no common components and such that 
Zir\Z2 are nodes of C, we denote by AzinZ2 the Cartier divisor of Zi or Z2 defined 
as AziHZa SpeZinz, ^'■ If ^ is a subcurve of a curve C, wc let Z' := C — Z, 
and if Z n Z' are nodes of C, we let Az ■= AznZ' ■ We say that a curve C defined 
over a field k has a cusp (respectively a tacnode) in a point s G C if the completion 
of the local ring of C at s is isomorphic to the quotient of the formal power series 
ring ^[[x,?/]] by the ideal (y^ — x^) (respectively (y^ — x'^))- 

A family of curves is a proper and flat morphism f : C ^ B whose fibers are 
curves. Wc denote hy luj the relative dualizing sheaf of the family and Ct := f~^{b), 
for b £ B. A smoothing of a curve C is a family f : C ^ B, where B is the spectrum 
of a discrete valuation ring with closed point such that the general flber is smooth 
and Co = /^^(O) ~ C. A regular smoothing of a curve C is a smoothing C ^ B 
of C such that C is smooth everywhere except possibly at the points of C which lie 
on exactly one irreducible component of C. If is a line bundle on a curve C, we 
set deg^ jC ■= deg C\z, for every subcurve Z of C. 

If C is a plane curve, a smoothing of C to plane curves is a smoothing f : C ^ B, 
where C C B x ¥^ and / is the restriction of the projection onto the first factor. 
The dual curve of C is defined as the closure in (P^)^ of the set representing 
the tangents at the smooth points of C. It is worth to observe that if C is singular, 
then is not the fiat limit of the duals of smooth curves approaching C (sec [K2] 
for more information on the flat limit of dual curves). If F(x, y, z) is a homogeneous 
polynomial in x, y, z, then Z{F) C will denote its zero set. 

If F is a variety and p is a point oi V, we denote by TpV the tangent space to 
V at p. If 5 is a scheme, we denote by S^^'^ the reduced scheme associated to S. 

2. Limits of inflection lines 

Let C be a plane quartic curve. If C is irreducible, the Pliicker formulas for plane 
curves provide the number of smooth inflection points of C. On the other hand, D. 
Eisenbud and J. Harris in [EHl] consider the problem of determining what are the 
limits of Weierstrass points in families of curves degenerating to stable curves. So 
far, there are answers for curves of compact type, in [EHl], and for curves with at 
most two components, in [La, WL, EM]. But how do the inflection lines degenerate 
in a smoothing of C7 For example, how many inflection lines degenerate to a line 
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of the tangent cone at a node of C, or to a Une contained in C? In [Kl], the author 
addresses the problem for pencils of type {G" + tFjtgAi, where n> 2 and F and 
G are homogeneous polynomials with deg F = n deg G. In this section, we will give 
the complete list of limit inflection lines and their multiplicities for certain plane 
quartic curves. 

Let / : C — !■ i? be a regular smoothing of a curve C whose irreducible components 
intersect at nodes (notice that C need not be a nodal curve in the sense of Subsection 
1.1, but it a nodal curve in the sense of [EM]). Let Zi, . . . , Zm be the irreducible 
components of C and assume that gc > 0. Following [EM, Definition 2.6], let W* 
be the Weierstrass subscheme of the generic fiber of / and Wf be the f- Weierstrass 
scheme, i.e. the closure of W* in C. Consider the natural finite morphism ipf : Wf — > 
B. Set Wffl := Wf n C and let [VF/^o] be the associated cycle. 

For every sheaf M = (jJf{J2^=i ^j^j) ^^'^ ^'^^ each z S {1, . . . , m}, define pma to 
be the natural map 

PMr- f.M\o^H°iM\z,). 
By [EM, Theorem 2.2], there is a unique m-tuple of sheaves {Ci, . . . , Cm) on C, 
where for each z g {1, . . . , m} we have Ci = '^/(X^jli ^j^j)^ for ti, . . . , tm G and 
such that the following conditions hold: 

(i) the natural map pCi,i'- /*'Ci|o —J- H'^{Ci\zi) injective; 

(ii) the natural map pci,j ■ /*A|o ^ is not zero, if j ^ i. 

Fix i G {1, . . . , m}. The sheaf Ci defined above is called the canonical sheaf of 
f with focus on Zi. Notice that a sheaf Ai — ^/(X)JLi ''i^j)' for tj S Z, is the 
canonical sheaf of / with focus on Zi if, whenever j ^ i, the following conditions 
hold 

(1) h\M\c)=9, /i°(>l|z'(-Az')) = and h\M\z'^{~^z'^)) < g. 
Indeed, for every j G {1, . . . , m}, consider the natural exact sequence 

(2) {)^M\z'^{-^z'^)^M\c^M\z,^Q 

In general, /*A^|o is a subspace of dimension g of H^{M.\c). If the conditions 
in (1) hold, then f^M\o = H°{M\c), Ker{pM,i) = H^{M\z'^{-l^z'^) = and 
dmi{Ker[pM,j)) = h^{M\z'. (— A^')) < 5 if 3 h from the long exact sequence in 
cohomology associated to (2). Thus, Ai is the canonical sheaf of / with focus on 
Z,. 

If Li is the canonical sheaf of / with focus on Zi , the limit canonical aspect of f 
with focus on Zi is (Im(pCi,i), Ci\zi)- Let ti^i, . . . ,ti^m be the unique integers such 
that ti^i ~ and Ci ~ '^/(X]j=i -^'^r every p G H Zj such that j ^ z, we 

define the correction number for Ci at p as czi(j>) '■= tij. 

If Rzi is the ramification divisor of the limit canonical aspect of / with focus on 
Zi, for every i G {l,...,m}, then by [EM, Theorem 2.8] we have 

m 

(3) {Wf,o]^Y.^Z'+ E ^PP 

where Cp := g{g - 1 - cz, (p) - cz^ (p)), for p G Z.D Zj, i ^ j, i, j G {1, . . . , m}. 

If £ is a line bundle on a smooth curve of genus g and Ry is the ramification 
divisor of a linear system V C H^{C) of dimension r + 1, recall that by the Pliicker 
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formula we have 

(4) dcgi?v = r(r + l)(g-l) + (r + l)dcg£. 

Lemma 2.1. Let f : C ^ B he a regular smoothing of a curve C and Z he an 
irreducihle component of C such that Z f] Z' are nodes of C . Then h'^{LL>f(Z)\c) ~ 
gc- Moreover, if ^Az = 1 and gz > 1, then h'^{ujf(2Z)\c) — gc ■ 

Proof Fixi G {1,2}. By Riemann-Roch, h^{ujf{iZ)\c) = gc -I + h°{Oc{-iZ)\c). 
Hence we only need to show that h^{Oc{—iZ)\c) = 1- Consider the natural exact 
sequence 

^ Oc{-tZ)\z{-Az) ^ Oc{-iZ)\c ^ Oc{-iZ)\z' ^ 0. 

Now, h°{Oc{-iZ)\z') = h°{Oz'{-iAz')) = 0. Thus, from the long exact se- 
quence in cohomology, h°{Oc{~iZ)\c) = h°{Oci-iZ)\zi-Az)). If i = 1, then 
h°{Oc{-iZ)\zi-Az)) = h°{Oz) = 1, because Z is connected. If i = 2, = {p} 
and gz > 1, then h''{Oc{-iZ)\z{-Az)) = h\Oz{p)) = 1. □ 

Although some parts of the following three lemmas are known to the specialists, 
we will provide complete proofs for the reader's convenience. 

Lemma 2.2. Let C he an irreducihle plane quartic with a node p and Y he the 
normalization of C at p. Let g: C ^ B he a smoothing of C to plane quartics. 
Assume that C has a singularity of Ai -type at p. Consider the hlowup -k: X ^ C 
of C at p, and set f ;= g o tt and X /~^(0) = Y L) E, where ~ is the 
exceptional component of?:. If Ry is the ramification divisor of the limit canonical 
aspect of f with focus on Y, then [W/,o] = Ry + 3pi + 3p2, where {pi,P2} ECiY 
and Vp^Ry G {0, 1}, for i G {1, 2}. 

Proof. First of all, w/ is the canonical sheaf of / with focus on F, because we have 

h\ujf\x) = 3, h^{uj}\y.{-Ay,)) = h"iOri{-pi-p2)) = 0, h°{uJf\E'i-AE')) = 

h^{uiy) = 2, and hence the conditions listed in (1) hold. In particular, the correction 
number for cuf at pi is cy{pi) = 0, for i G {1, 2}. 

The morphism tt contracts E, hence C ~ n\y{Y). Moreover, 7r*(C'c(l)) — 
Tr*uJg ~ iOf, because g: C ^ B is & family of canonical curves. In this way, 7r|y is 
induced by a projective space of dimension two contained in the complete linear 
system jw/ ® Oy \ = \ujy{pi +P2)|- But h°{ujy{pi -I-P2)) = 3, by Riemann-Roch, 
hence Tr\y is induced by \ujy{pi -|-p2)|- 

Set £ := ojy{—pi ~ p^)- We claim that h^{C) = 0. Indeed, by contradiction 
assume that /i°(>C) ^ 0. Then ujy ~ Oy{pi -I-P2), because Y is irreducible and C 
has degree zero. Thus, h°{Oy{pi + P2)) = 2 and ojy{pi + P2) ^ Oy{pi +^2)®^- It 
follows that Ti\y factors via a degree 2 morphism y — >■ P^, and hence C = TT\y{Y) 
is not a plane quartic, which is a contradiction. 

If we set Ce ^fO^)j then the canonical sheaf of / with focus on E is Ce, 
because h^{£E\x) = 3, by Lemma 2.1, h°{CE\E'{—'^E')) ~ /i"('^y(~Pi — P2)) — 0, 
by the above claim, and h°{CE\y'{—^y')) — /^^(Cb) ~ 1- In particular, the 
correction number for Ce Pi is CE{Pi) = 1, for i G {1,2}. 

Recall that Ry is the ramification divisor of (Vy^iW/jy), where Vy is the vec- 
tor space Vy = Im(77°(a;/|x) '-s- H°(w/|y)). We have w/jy ~ wy(pi + P2) and 
dim IV = h^{ujy{pi+p2)) = 3, hence Vy = H°{ujy{pi+p2))- Fix i G {1,2}. Notice 
that Vy{-pi) = i7"(a;y(p3_,)) = H°{ujy) ~ C^. It follows that dimW(-2pi) = 
h'^{ujy{—pi)) ~ 1, and hence Vp-{Ry) = dimlV(— 3pi) G {0,1}. Moreover, by (4), 
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the ramification divisor of tlie limit canonical aspect of / with focus on E is 
Re = 0, hence by (3) we get [W/,o] ^ Ry + 3(2 - CEipi))pi + 3(2 - ce{p2))p2 = 
Ry + Hpi+P2)- □ 

Lemma 2.3. Let C be an irreducible plane quartic with a cusp p (respectively a 
tacnode p) and set t :~ 8 (respectively t:=12). Let f:C^B be a smoothing of C 
to plane quartics, with C smooth. Then there exists a finite base change B' ^ B 
totally ramified over G B, such that we have [Wf',o] =^ + ^Pr where 

p ^ {qi, . . . , (724-*} o,nd f : C x g B' ^ B' is the second projection morphism. 

Proof. As explained in [HM, Section 3C], there is a finite base change B' ^ B 
totally ramified over € B and a family of curves g: X — > B' such that, if 
f':C':~CxBB'^B'is the second projection morphism, then X and C are 
^'-isomorphic away from the central fibers and X := ^"^(O) = Y U E, where Y is 
the normalization of C at p and _E is a smooth connected curve of genus gE = ^ 
intersecting transversally Y at the points over p G C. In particular, #(F OE) = 1, 
if p is a cusp (respectively ^{Y n = 2, if p is a tacnode). Moreover, it follows 
from [P, Lemma 5.1] that, \i B' ^ B has degree 6 (respectively 4), then there 
exists a family g: X ^ B' a,& stated, with X is smooth along Y E and with 
a i3'-morphism -k: X ^ C which is an isomorphism away from the central fibers 
and contracting E to p. In particular, it follows that 7r|y(F) = C. We are done 
if we show that [Wg^] = X^^^T* % + Y!i=i where {qi, g24-t} C Y - E and 
{q[, . . . ,qf} C E. Actually we will prove that {q[, . . . ,q^} C E - Y. 

Set Cy := ujg{E). We claim that Cy is the canonical sheaf of g with focus on 
Y. Indeed, h"{Cy\x) = 3, by Lemma 2.1, h"{Cy\yr{-AY,)) = h"{OE{-AE)) = 0, 
/i°(£r |_E'(~^s')) = h'^i^Yi^v)) = 2, by Riemann-Roch. In particular, for every 
r G Y n E, the correction number for Cy at r is cy{r) = 1. 

Assume that p is a tacnode and set {ri, r2} :^Y HE. Arguing as before, Ce 
uJg{Y) is the canonical sheaf of g with focus on E. In particular, the correction 
number for Ce at is CEiri) — 1, for i € {1, 2}. Recall that Ry is the ramification 
divisor of (Vy,£y|y), where Vy is the vector space Vy = Im(py : H^{Cy\x) ^ 
-ff°(£y |y)), py{s) — s\y . Assume that s'(ri) = 0, for i G {1, 2}, where s' ~ py{s) G 
Vy. Then s\e = 0, because Cy\E — Oe and hence 

(5) Vy{-r,) C pyiH^'iCylxi-n - r^))) = H"{Oyin + r2)) = <C\ 

The other inclusion in (5) is clear, hence dim VV(— J'j) = 2, dimVY(— 2ri) = 
/i°(Oy(r3_,;)) = 1 and dim W(-3r0 = h°{Oy{r:i^^ - ri)) = 0, because gy = 1. In 
this way, VnRy = 0, for i e {1,2}. By (4), we have degRy = 12, hence Ry = 
Si=i 9ii where {gi, . . . , (712} cY — E. Arguing similarly, if Re is the ramification 
divisor of the limit canonical aspect of g with focus on E, we have Re = 
where {q'l, . . . , q'12} C E — Y. It follows from (3) that [M^g,o] = Ry + Re, and hence 
we are done if p is a tacnode. 

From now on, assume that p is a cusp and set r := Y D E. Recall that C ~ 
7r|y(y). Moreover, we have 7r*(Oc'(l)) — TT*ujf>, because /': C B' is a family 
of canonical curves, hence 7r*(C'c'(l)) ~ a;^ C>5 Ox{D)\x, for some Cartier divisor 
D of X of type D = aY + bE, for a, £ Z. But deg^; 7r*(e'c'(l)) = 0, because tt 
contracts E, and deg^; Wg = 1, hence necessarily Ox{D)\x — Ox{E)\x- In this way, 
7r|y is induced by a projective space of dimension two contained in \u!g{E) (g) Oy \ = 
\ujy{2r)\. But /i°(wy(2r)) = 3, by Riemann-Roch, hence Tr\y is induced by \ujy{2r)\. 
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Set L := wy(-2r). We claim that h^{C) 0. Indeed, suppose by contradiction 
that 7^ 0. Then wy ~ Oyi^r), because Y is irreducible and £ has degree 

zero, implying /i"(e'y(2r)) = 2 and cjy(2r) ~ Oyi'^r)®'^ . It follows that 7r|y factors 
via a degree 2 morphism Y — P^, hence C = 7r|Y(y) is not a plane quartic, which 
is a contradiction. 

Set Ce '■= W(,(2y). We claim that ££; is the canonical sheaf of g with focus on 
E. Indeed, /i°(i:£;|x) = 3, by Lemma 2.1, h^{CE\E'{-^E')) = h'^ (luy (-^r)) = 0, 
by the above claim, and /i*'(£_B|y'(— Ay )) = h°{OE{'^r)) = 2, by Riemann-Roch. 
In particular, the correction number for Ce at r is ce{t) = 2. 

Recall that Ry is the ramification divisor of (Vy, £y where Vy is the vector 
space Vy = lra{H^{Cy\x) ^ H"{Cy\y)). Notice that h'^iCyly) = /i"(wy(2r)) 
3, hence W = H"{ujy{2r)). We have dim Vy(-r) = h°{ujy{r)) = 2, dim Vy(-2r) = 
/lO(wy) = 2, dimFy(-3r) = /i^^wy (-r)) = 1 and dimW(-4r) = /i"(wy(-2r)) = 
0. In this way, v^Ry = 2, and we can write Ry = 2r + X^S^' ^9*' where 

Recall that Re is the ramification of {Ve, I~.e\e)i where Ve is the vector space 
Ve = Im(iJO(£B|x) ^ H\Ce\e)). Notice that /iO(/:b|b) = ^"(©^(Br)) = 3, 
hence Ve = iJ"(0£;(3r)). We have dimV^i;(-r) = /i"(0£;(2r)) = 2, dimF£;(-2r) = 
h^{OE{r)) = 1, dimV^£;(-3r) = h°{OE) = 1 and diniyi3(-4r) = /i"(C'£(-r)) = 
0. In this way, v^Re ~ 1, and we can write Re = r + X^S^^ ^5'*' 'where 
{^'i' • ■ • ''Jdcgi^s-i) ^E-Y. By (4), degi?£; = 9, hence (3) implies that [Wg.x] = 
Ry + — 3r = + S'l^'i are done if p is a cusp. □ 

Lemma 2.4. Let C be a nodal plane quartic curve which is the union of a smooth 
irreducible cubic Y and a line Z, and set {pi,P2,P3} '■= Y D Z . If f : C ^ B is a 
regular smoothing of C , then 

[Wf^o] = i? + (si + • • ■ + sg) + 3(pi +P2+P?.) 

where {si, . . . , Sg} 'Z Z C] C*'"" and R is the ramification divisor of |Oy(l)|. 

Proof. Set Cy :— cuf. The canonical sheaf of / with focus on Y is Cy, be- 
cause h"{Cy\c) - 3, h°{Cy\Y>i-Ay,)) = h'^ioJz) - 0, and h°{Cy\z'i-Az')) = 

h^{u!y) — 1. In particular, the correction number for Cy at pi is cy(pi) = 0, for 
i S {1,2,3}. Set Cz ■= ujf{Y). The canonical sheaf of / with focus on Z is Cz, 
because h°{Cz\c) = 3, by Lemma 2.1, h°{Cz\z'{-Az')) = h°{ujy{-Ay)) = and 
h^{Cz\y'{—Ayr)) ~ h^{ujz{Az}) = 2. In particular the correction number for Cz 
at Pi is cz{pi) — 1, for i G {1,2,3}. If Rz is the ramification divisor of the limit 
canonical aspect of / with focus on Z, then deg(i?2) = 6, by (4). Hence, by (3), 
we are done if we show that Vp^Rz = 0, for i S {1, 2, 3}. 

Consider Vz = Im(pz: H°{Cz\c) ^ H°{Cz\z)), Pz{s) = s\z. Assume that 
s'(pi) = 0, for some s' = Pz{s) G Vz- Then s\y = 0, because Cz\y — Oy, and 
hence 

(6) Vzi~Pi) C pz{H%Cz\ci-Pi -P2-P3))) = H''{ujz{pi +P2+ P3)) = C^. 

Since the other inclusion in (6) is clear, we get dimVz{—pi) = 2, and hence also 
dimVz(— 2|)i) = 1 and dimVz(— 3pi) = 0. In this way, Vp^Rz = 0, and similarly 
i^P2Rz ~ i^p^Rz — 0; and hence we are done. □ 

Let P^'* be the projective space parameterizing plane quartic curves and [C] £ P^^ 
be the point parameterizing a plane quartic C. Let V C P^'* be the open subset 
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parameterizing reduced quartic curves that are GIT-semistable with respect to the 
natural action of PGL{3) on P^^ and with finite stabilizer. If [C] E V, then C is 
reduced and a singular point of C is a node, a cusp or a tacnode. The double conies 
are the unique GIT-seniistable non-reduced quartics and if C is a smooth quartic, 
then [C] G V. We refer to [MFK, Chapter 4.2], [CSl, Section 3.4] or [AF] for a 
detailed list of the curves parameterized by V. 

If C is a smooth plane curve, an inflection line of C is a line cutting C in a point 
with multiplicity at least 3. Recall that a smooth plane quartic admits exactly 24 
inflection lines, counted with multiplicity. We denote by Tc £ Sym^^(P^^) the 
configuration of inflection lines of a smooth plane quartic curve C. Let V° C V be 
the open subset parameterizing smooth plane quartics and consider the morphism 
J"* : V° ^ Sym2*(p2'') such that T*{[C]) = J"c, for every [C] 6 V°. 

Proposition 2.5. There exists a morphism V S'?/m^^(P^^) such that T\yo = 
F*. 

Proof. Let F be the closure inside V x Sym^"'(P^^) of the graph 

F" {{[C],Tc) : [C] £ V"} C V x Sym24(p2^). 

Let TTi : F V and 7r2 : F ^ Sym^^(P^^) be respectively the restriction of the first 
and the second projection morphism. 

If [C] € V, we claim that only a finite number of lines can be limits of inflection 
lines of smooth curves degenerating to C. In fact, recall that C is reduced and 
its singularities are double points. Consider a smoothing of C, and let i be a line 
which is a limit of inflection lines of the general curve of the family. It follows that 
L cuts C with multiplicity at least 3 in a point p. If L is a linear component of C, 
then it varies in a finite set. Suppose that L (jLC. If p G (jsmg ^ then p is a double 
point of C, and L is one of the lines of the tangent cone of C at p. In particular, 
L varies in a finite set. If p G C*™, then L corresponds to a singular point of the 
dual curve C^, hence L varies again in a finite set, because we work over the field 
of complex numbers, and hence is reduced. 

In particular, the fibers of tti are finite. Notice that V is smooth, because it is an 
open subset of P^*^. Moreover 7ri|ro is an isomorphism onto the smooth variety V*^, 
thus F*^, and hence F, are irreducible. Since tti is a birational morphism, tti is an 
isomorphism, by [G, Corollaire 4.4.9]. The required morphism is := 7r2 ottJ"^. □ 

Remark 2.6. In the proof of Proposition 2.5 we did not use the condition that 
the points of V parametrize GIT-semistable curve. Indeed, the same proof shows 
that J-* actually extends to the open subset of P^* parametrizing reduced quartics 
with singular points of multiplicity two. 

For every [C] G V, set J"c := J'ilC]) G Sym^'^ {F^"" ) . We can view Tc as a 
(possibly non- reduced) hypersurface of P^ . We call a line i C P^ an inflection line 
o/ C if L is a component of Tq^'''. If L is not a component of J^c, we set ^jll^c = 0, 
otherwise (J-lJ^c will be the multiplicity of L as a component of Tc- For every 
L C T^^'^, we say that L is of type if L n C C C"™, of type i if L n C"™^ 
and L C , and degenerate if i C C. 

Remark 2.7. To compute the multiplicity of a component of J-c, for [C] G V, we 
will use the following observation. Consider the incidence variety 

Z:={([C],L):LC J-c}CVx(p2)^ 
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and the finite morpliism ttj : I — V of degree 24 obtained by restricting tlie first 
projection V x (P^)^ ^ V to I. The cycle associated to the fiber of ttj over [C] is 
'Y^j^(--prcd{^iL^c)L. Notice that if C — > i? is a smoothing of C to general smooth 
plane curves, with associated morphism B -^V, and if we set Ib := i? x v I, then 
the first projection ttj^ : ^ i? is a finite morphism of degree 24 and the cycle 
associated to the fiber of tti^ over G i? is again '^^^jrr^d{nL^c)L. We would like 
to warn the reader to a possibly confusing point: while the limits of the inflection 
lines do not depend on the chosen smoothing, the limits of the inflection points may 
depend on the smoothing. 

Lemma 2.8. Let B he the spectrum of a discrete valuation ring with closed point 0. 
Let 'y: C ^ B be a finite morphism and v : ~^ C he the normalization of C . Let 
X)pe7-i(o) ^pP ^'^^ S(7o;y)-i(o) '^il cyclcs associated to the fiher respectively of 

7 and^ov overO, where Cp and dq are positive integers. Then for every p G 7~"'^(0) 
we have Cp = E,gz.-i(p) ^■7- 

Proof. If p £ C™, we have nothing to prove. If p G C*"™^, pick the normalization 
a : D — > C of C at p. Then i/ = a o /3, where f3: C D is the normalization of 
D. Let X]re(70Q)-i(o) ^rr be the cycle associated to the flber of 7 o a over 0, where 
Cr is a positive integer. If d is the degree of 7, then we have 

Cp ~ — ' d '~~ ^ Cp ' — d ^ C J- — - ^ G-j'^ — ^ dq ^ 

r^a^^ (p) 

where the second equality follows because a is an isomorphism away from a~^{p), 
and the fourth equality follows because /? is an isomorphism locally at any q G 

rHa-\p))=i.-Hp). □ 

Lemma 2.9. Let f:C^B he a smoothing of an irreducihle plane cuhic C with 
a node (respectively a cusp). Set fc = 3 (respectively k ~ 1). Then exactly k lines 
cutting C in a smooth point with multiplicity 3 are degenerations of inflection lines 
of the general fiher of f . 

Proof. Let h be the number of lines cutting C in a smooth point with multiplicity 
3. By [EII2, pages 153-154], any such line is degeneration of an inflection line of 
the general fiber of /, hence we are done if we show that h ~ k. The dual curve 
C (P^)^ of C is irreducible and, since we work over the complex numbers, its 
singular locus consists exactly of h cusps. It follows that gc'^ — h = 0, because C 
and are birational. Let d be the degree of C^. If C has a node, then d = 4 and 
hence h = g^"^ ==3. If C has a cusp, then d = 3 and hence h = gc^ = 1. D 

Proposition 2.10. Let [C] G V and L C P^ a line. The line L is an inflection line 
of C if and only if either L is contained in the tangent cone of C at some singular 
point of C , or L is an inflection line of type of C . Moreover, assuming that L is 
an inflection line of C , the multiplicity of L in satisfies the following conditions: 

(i) if L is a line of the tangent cone of C at some p G C"""^ such that either 
L ct C or L d C and L is tangent at p to a component of C different from 
L, then ijllJ'c G {3,4}, hlJ^c ~ 8, ^j-lJ'c = 12 if p is respectively a node, 
a cusp, a tacnode; 

(ii) if L is a component of C which is not tangent to any other component of 
C, then hl^c = 6; 



10 



MARCO PACINI AND DAMIANO TESTA 



(iii) if L is an inflection line of type of C , then ^l^c < 2, and if equality 
holds, then C is irreducible. 

Proof. Let p be the limit of an inflection point in a fixed smoothing of C . Through 
the point p there is a line L in J-c meeting C with multiplicity at least three at p. 
If p G C*™, then the line L is an inflection line of type 0, or L is a component of 
C. If p e (jsmg ^ then the line L is contained in the tangent cone to C at p, since 
the point p has multiplicity 2 in C and at least 3 in L n C. This proves that the 
lines of must be of the stated form. 

We now prove the converse, establishing at the same time the results about 
the multiplicities. Let g: C ^ B he a. smoothing of C = g~^{0) to general plane 
quartics, and let &: i? — > V be the associated morphism. Recall the varieties I ^ 
V X (P2)^ and Is = B xv X B xv V X (P^)'' ~ B x (P^)^ defined in Remark 
2.7. Consider the relative Gauss B-map 9: C ---> B x (P^)^ defined as 9{q) = 
{9{l)jTqCg(^q)), where TqCgi^q) is the tangent line to Cg(g) = g~^{g{q)) at q. Notice 
that 9 is defined away from C"™^ . Consider the Weierstrass scheme Wg ^ C and 
let ipg : Wg — >■ B be the associated finite morphism of degree 24. Let v : Wg Wg 
be the normalization of Wg and 7: Wg — >■ B x (P^)^ the morphism extending 9\wg- 
Notice that 9 sends the points of Wg away from ipg'^{Q) to points of Is, hence 7 
factors through the inclusion Ib ^ B x (P^)^. We get the following commutative 
diagram. 




It follows from Remark 2.7 that ^{1/ ^{p)) parametrizes the set of lines of 
cutting C with multiplicity at least 3 in p, for every p S ijjg^{Q). In particular, 



(7) 



liiy-\p))nji,y-\p'))^t 



for every p,p' € ■(/'"^(O) such that p^p' and such that the line through p and p' is 
not contained in C . 

Assume that C is irreducible and that L is a line of the tangent cone of C at 
some pq G (jstng ^ ^^^^ L C . Supposc that po is a cusp or a tacnode. Choose 
a smoothing g: C ^ B oi C with C smooth. Then there is a finite base change 
totally ramified over G B such that the statement of Lemma 2.3 holds. To avoid 
cumbersome notations, we keep the same symbols for the family obtained from 
g: C ^ B after the base change. By Lemma 2.3, we have [W^g,o] = X) 9* + ^POi 
where po ^ {qi, . . . , 924-*} and t = 8, if po is a cusp, and t = 12, if po is a tacnode. 
Observe that po £ Wg and L is the unique line cutting C with multiplicity at 



least 3 at Po, and hence 7(1^ ^(Po)) 
set-theoretic equality 



(0,L). Using (7), we deduce the following 



(8) 



'^-'{po) = l-\{0,L)). 
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Since ttx^ o 7 = V'g ° '^i have 

[(7ri,o7)-i(0)]==[(VgOi.)-i(0)]- ^ uss+ 

where Us are positive integers. Applying Lemma 2.8 to ipg and ijjg o it fohows 
that t = EsGt.-i(po) Remark 2.7, we have [7r^^^(0)] = J2MQj^--"'i(J-MJ^c)M. 

On the other hand, Wg and are isomorphic over B \ {0}, hence 7: VKg ^ Ib is 
the normahzation oilg. Applying again Lemma 2.8 to ttj^ and ttj^ 07, and using 
(8), it follows that 

We obtain that L G -Fc and that condition (i) holds. 

Suppose that po is a node of C. Choose a smoothing g: C ^ B of C where C 
has a singularity of Ai-type at Pq. Let tt: X ^ C he the blowup of C at po and 
/ : X ^ B he the composed morphism f g o it. Write (0) = Y IJ E, where Y 
is the normalization of C at po and E is the exceptional component of tt. Consider 
the /-Weierstrass scheme Wf A" and let tpf. Wf — >■ B be the associated finite 
morphism of degree 24. Since Wf and Wg are isomorphic over i? \ {0}, it follows 
that Wg is the normalization of Wf. Let F: Wg — > VF/ be the normalization map. 
We get the following commutative diagram. 

X — ^c- -Sb X (P2)v 



B 



B 



It follows from Lemma 2.2 that [Wf^o] = Y,T=i 9^ + (3 + ei)pi + (3 + 62)352, for 
some ei, £2 S {0, 1}, where {pi^p^} Er\Y and {gi, . . . , gis-ei-ea} C y - iJ. The 
set ^{p~^{pi)) parametrizes the lines of J-c cutting C with multiplicity at least 3 
in Po and tangent to the branch of po determined by pi, for i G {1, 2}. In this way, 
we have 7(1^"^ (pi)) = (0,ii)i where Li is the unique line of the tangent cone of C 
at Po which is tangent to the branch of po determined by pi, for i e {1,2}. Arguing 
as in the case where po is a cusp or a tacnode, we have that f^L^J^c = 3 + e^, for 
i e {1, 2}. We obtain that Li G J-c, for i G {1, 2} and that condition (i) holds. 

We complete the proof for C irreducible as follows. Suppose that C is irreducible 
and that L is an inflection line L of type of C . The non- reduced point po of L fl C 
has multiplicity at most 4, hence pp has multiplicity at most 2 in [W^g,o]. Arguing 
again as in the case where po is a cusp or a tacnode, it follows that fJ-L^c ^ 2. 

From now on, assume that C is reducible. Suppose that L is a line such that 
L C C. If C is nodal and C — L is an irreducible smooth plane cubic, pick a 
regular smoothing 5 : C — !> i? of C to general plane quartics, and consider the first 
diagram introduced in the proof. Let si, . . . , se be the points of Lemma 2.4, so that 
{si, . . . , Se} C L n C^™ n Wg. Recall that j{'^~'^{si)) parametrizes the set of hues 
of J-c cutting C with multiplicity at least 3 in Si. Since any line different from L 
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cuts C with multiplicity 1 in Si, necessarily "i{v^^(si)) = (0, L), and hence, arguing 
again as in the case where po is a cusp or a tacnode, we have ^ilJ'c > 6. In the 
remaining cases, if wc take a deformation of C to nodal curves which arc the union 
of L and a smooth cubic, we see that (J-lJ^c ^ 6, because L is constant along this 
deformation. 

Suppose that L is a line of the tangent cone of C at some po S (7^™^ . Then L 
is the specialization of inflection lines of type 1 of a family of curves whose general 
member is irreducible with exactly one singular point of the same analytic type 
of pq. Hence ^il^c ^ where t £ {3,4}, if pq is a node, < = 8 if po is a cusp, 
and t = 12, if p^ is a tacnode. To complete the proof, we only need to show that 
conditions (i), (ii) and (iii) hold for a reducible curve. In what follows, we will use 
the above inequalities and that X^lcj^c f^^-^c: = 24. 

Suppose that C = Q1UQ27 for smooth conies Qi, Q2. If C is nodal and Li, . . . , 
are the lines of the tangent cone of C at its nodes, then ^LtJ'c ^ 3, and hence 
necessarily ULiJ'c = 3, for i G {!,..., 8}. If Qi and Q2 intersects each other 
transversally at 2 points and they are tangent at a point r, necessarily ^l^J-q = 12 
and ULiJ'c = 3, for i e {1, . . . , 4}, where Lq is the tangent cone of C at the tacnode 
r and Li, . . . , L4 are the lines of the tangent cone of C at its nodes. 

Suppose that C = Q U Li U L2, for a smooth conic Q and lines Li,L2- If C 
is nodal, necessarily jiLi^c = ML2-^c = 6 and fiLiJ'c = 3, for i G {3,..., 6}, 
where L3, . . . , Lg arc the tangents to Q at the points of the set Q fl (Li U L2)- If 
Q is tangent to Li and transverse to L2, necessarily fiLiJ'c = 12, ^La-^c = 6 and 
j-iLsJ'c = t^Li^c = 3, where L^^Li arc the tangents to Q at the points of the set 
QnL2. 

If C = Llf^iLi, for hues Li, . . . , L4, necessarily fiLiJ'c — 6, for z G {1, ... , 4}. 

Suppose that C = F U i, for an irreducible plane cubic Y and a line L. Set 
k — 3 (respectively k = 1) ii Y has a node (respectively a cusp). Assume that 
Y n L arc nodes and set {pi,P2,P3} ■= Y D L . Let Li be the tangent to Y at pi 
for i e {1,2,3}. We distinguish two cases. 

In the first case, Y C] L contains no inflcctionary point of Y. If Y is smooth, 
we can use Lemma 2.4. Thus, arguing as for the inflection lines of type when 
C is irreducible, it follows that there are 9 inflection lines of type of C, which 
arc exactly the inflection lines of y, and necessarily ^j.lJ'c = 6, fiLiJ'c — 3, for 
i € {1,2,3} and the 9 inflection lines of type of C have multiplicity 1. If F is 
singular, pick a deformation of C to plane curves which are union of L and a smooth 
plane cubic. It follows from Lemma 2.9 that C has k inflection lines of type 0, and 
hence necessarily hl^c = 6, ^iLi^c = 3, for i G {1,2,3}, hmJ'c = 3 (respectively 
fJ'AiJ'c = 8), where M is a line of the tangent cone at a node (respectively a cusp) 
of Y, and the k inflection lines of type of C have multiplicity 1. We isolate the 
case in which C is nodal in Remark 2.11. 

In the second case, there is a positive integer k' < min(A:, 3) such that pi is 
an inflcctionary point of Y, for i G {l,...,fc'}, where fc := 9 if K is smooth. 
Pick a deformation of C to plane curves which are union of Y and a general line 
intersecting Y transversally. Then exactly two inflection lines specialize to Li, for 
i G {1, . . . ,k'}, one of type of multiplicity 1 and one of type 1 of multiplicity 
3, and C has k — k' inflection lines of type 0. Hence ^l^c = 6, ^Li^c = 4 for 
i G {1, . . . , fc'}, = 3 for i G {fc' + l, . . . , 3}, ^im^c = 3 (respectively ^im^c = 8), 
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where M is a line of the tangent cone at a node (respectively a cusp) of F, and the 
k — k' lines of type of C have multiplicity 1. 

Suppose that C = Y U L, for an irreducible plane cubic Y and a line L such 
that Y and L are tangent at a point t. Notice that t is a non-inflectionary point of 
Y, because [C] £ V. Write {t, n} Y n L. Consider a deformation of C to plane 
curves which are union of Y and a general line containing n and intersecting Y 
transversally. Then exactly 3 inflection lines of the general fiber of the deformation 
degenerate to L, of multiplicities respectively 6, 3, 3, hence hlJ^c = 12, while the 
other infiection lines are constant along the family. 

Notice that if C is reducible, then the infiection lines of type of C have always 
multiplicity 1. We get that conditions (i), (ii) and (iii) hold. □ 

Remark 2.11. For ease of reference we observe the following immediate conse- 
quence of Proposition 2.10. 

• If either C is irreducible, with C'*™^ consisting exactly of one tacnode, or 
if C is the union of a line L and a smooth cubic Y such that L and Y 
are tangent at a non-inflectionary point of Y, then contains at least 6 
inflection lines of type each one of which has multiplicity at most 2. 

• If C is nodal and C ^ Y U L, where Y is an irreducible cubic with a node 
and L is a line such that Y Cl L contains no infiectionary points of Y , then 
J-c consists of the line L with multiplicity 6, the three infiection lines at 
smooth points of Y of type with multiplicity 1, and five lines of type 1 of 
multiplicity 3, two coming from the inflection lines through the node of Y, 
and three coming from inflection lines through the intersection Y Cl L and 
different from L (see also the proof of Proposition 2.10.) 

Proposition 2.12. Consider the natural action of PGL{3) on Sym^^lF^"^). Let 
[C] e V andS,^,T be respectively the number of nodes, cusps, tacnodes of C . Then 
the following conditions hold 

(i) if Tc is GIT-unstable, then either 7 > 2 or t > 1 . 

(ii) if J ^ T ^ 0, then Tc is GIT-stable. 

Proof. Throughout the proof, we assume that 7 < 1 and r = 0. For a point p e P^, 
let fipTc := T,peLcrc l^L-^c- By [MFK, Proposition 4.3] or [N, Theorem 4.17], 
J^c is GIT-semistable if and only if /-ipJ^c < 16, for every p S P^, and ^l^c < 8, 
for every L C J"c, and GIT-stable if and only if both inequalities are strict. By 
Proposition 2.10, p-lJ^c < 8, and the equality holds if and only if 7 = 1. Thus, we 
only need to check that ^ipTc < 16, with fipJ^c < 16 if 7 = 0, for every p e F^. 

So, flx p £ P^. Let Mq be the set of infiection lines of type of C containing 
p. By Proposition 2.10(iii), ij-lJ^c < 2, for every L G Mq. Let Aff be the set of 
inflection lines of type 1 of C containing p. We distinguish 3 cases. 

(a) Suppose that C is irreducible. If p e (jsmg ^ then jipJ-c < 8, by Proposition 
2.10. Hence we can assume p ^ (j^mg ^ j^^-j- ^y: ^ ¥^ he the resolution of 
the projection map from p, where is the normalization of C, and R be the 
ramification divisor of tt. 

First of ah, assume that p ^ C. Then #{g e C : VqR > 2} = #(A/^ U Aff ) 
and degi? = 12 — 26 ~ 27, by Riemann-Hurwitz. Assume that 7 = and, by 
contradiction, that jipFc > 16. Observe that #A/f < 3, otherwise p would be a 
node, which is a contradiction. If #A/f — 0, then #Afg > 8, hence degi? > 16. If 
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#Aff = 1, then > 6, hence degi? > 14. If #Mf = 2, then S > 2, otherwise 

p would be a node, and #Mo > 4 which impUes degi? > 12. If #Aff = 3, then 
i5 > 3, otherwise p would be a node, and #Mq > 2, implying dcgi? > 10. In 
any case, we get a contradiction. Assume now that 7 = 1 and, by contradiction, 
that PpJ-c > 16. Let L be the line of the tangent cone at the cusp of C, with 
pL^Fc = 8. If p ^ L, then fipJ-c < 16, a contradiction. Hence p G L and #Mf > 1. 
If #Mf = 1, then #A/^ > 5, hence degi? > 12. If #A/f = 2, then 5 > 1 and 
#MJ' > 3, hence degi? > 10. If #Aif = 3, then S > 2 and #A/p > 1, hence 
degi? > 8. In any case, we get a contradiction. 

Suppose that p G C™. Then i/pR < 2 and, if TpC is the tangent to C at p, 
we have #{q G C : lyqR > 2} > #((A/p U Aif) - {TpC}). Notice that degi? = 

10 — 2(5 — 27, by Riemann-Hurwitz, and we can conclude arguing exactly as in the 
case p ^ C. 

(b) Suppose that C = Qi U Q2; for conies Qi,Q2- Hence C is nodal, because 
r = 0. If Qi,Q2 are irreducible, then p is contained in at most four inflection 
lines of C, and hence pLpJ-c ^ 12. If Qi is irreducible and Q2 is union of two lines 
Li, L2, then HpJ-c < 12, where the equality holds if and only if either p G Li n L2 
or p G Li n L n L', for i G {1, 2}, where L,L' are components of J^c such that 
{L,L'} n {ii,L2} = 0. If Qi and are reducible, i.e. if C is the union of four 
lines Li, . . . , ^4, then fipJ^c < 12, where the equality holds if and only if p G LiHLj, 
for i,j G {1, . . . , 4} and i ^ j. 

(c) Suppose that C = Y U L, for an irreducible cubic Y and a line L. By 
contradiction, assume PpJ-c > 16. By Proposition 2.10, plJ'c ~ 6 and pl'J'c — 1: 
for L' G 7\i|^. We have #Aif < 2 and if p G C"'"f , then ppTc < 10, a contradiction. 

11 p G L — Y and F is smooth, then #Aig > 10, a contradiction because #AfQ < 9, 
by Proposition 2.10. If p G L-F and Y has a node, then #Aif < 1 and #Ai^ > 6, 
a contradiction because #AiQ < 3, by Proposition 2.10. li p <E L — Y and Y has 
a cusp, then #Aif < 1 and #AiQ > 2, a contradiction because #AiQ < 1, by 
Proposition 2.10. 

So we can assume p ^ C^"^^ U L. If fiL'J'c > 3, for some L' C J-c, then p G i>', 
otherwise fipJ^c ^ 15, a contradiction. In this way, if Y is smooth, then =I^Mf ~ 3 
and hence also #Aig > 4. We get a contradiction considering the projection F — > 
from p and by Riemann-Hurwitz. If Y has a node q, then p is contained in the two 
lines of the tangent cone at q, hence p = q G , a contradiction. If Y has a cusp 
q and Lq is the line of the tangent cone at q, then #Aif = 4, with G -^if • We 
get a contradiction by considering the resolution Y'^ — > of the projection from 
p, where Y'^ is the normalization of Y, and by Riemann-Hurwitz. □ 

3. Recovering quartics from inflection lines and inflection points 

Fix a line i C P^ and a point p G £. Recall that V C P^"* is the variety 
parametrizing reduced plane quartic curves which are GIT-semistable with respect 
to the natural action of PGL{3) and with finite stabilizers. Let Vl C V be the 
locus defined as the closure in V of 

(9) Vl : = {[C] eV:L^C and LC T^"^}. 
Let Vl,p C Vl be the locus defined as the closure in Vl of 

(10) Vl p ~ {[C] G : p is the non-reduced point of C n L}. 
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Lemma 3.1. Let [C] E V with C nodal and L C be a line. Then 

(i) if [C] G V" and C n L = {p, q} C C"*™, where p is the non-reduced point of 
C n L, and p ^ q, then 

T[c]Vl ^ H%C, Oc(4) ® Oc{~2p)). 

(ii) if [C] e V° and C D L ~ {p, (?}, with p a node of C and q 6 C*™, and if 
v. C" C is the normalization of C at p, with {pi,P2} i^^^ip)j where 
L is the tangent to the branch of p determined by pi, then 

T^c]Vl-H°{C\v*Oc{^)®Oc^{-2p^-P2)). 

(iii) ifLcCandpe C'"' n L, then [C] £ Vl^p and 

T[c]Vl.p ^ H\C, Oc(4) ® Oc(-3p)). 

Proof. Let x, j/, z be homogeneous coordinate of P^. Let ag, . . . , ai4 be the homo- 
geneous coordinates of the projective space P^^ parametrizing plane quartic curves. 
Let C[a;, 2/, z]d be the vector space of homogeneous polynomials of degree dhix,y,z. 

Suppose that C is as in (i) or (ii). First of all, we will show that V° is smooth of 
dimension 12 at [C]. Up to an isomorphism of P^, we can assume that L = Z{z). 
Notice that [^(F)] S V£ for some F £ C[x, y, z\^ if and only if F(x^ y, 0) is a binary 
quartic 

F{x, y, 0) = aox^ + aix^y + a2X^y^ + a^xy^ + a^y'^ 
where [oq, Oi, 02, 03, 04] S P^^ and the binary quartic has at least a triple root. 
Then we have a rational map t:V°--*LxL defined as follows: if [C] S V£ and 
C r\ L = {p', q'} with p' 7^ q' and p' is the non-reduced point of C D L, then we 
let t([C"]) = {p',q'). Near [C], the map r is defined by the assumption that p and 
q are different, its fibers are and hence is smooth of dimension 12 at 

[C]. In particular, dim(T[c]VL) = 12. 

Now, suppose that C is as in (i). By Riemann-Roch, h^{C,Oc{'i)(^Oc{—2p)) = 
12, hence to conclude the proof of (i), we only need to show that the natural injective 
map iJ°(C, 00(4) ® Oci-2p)) ^ H"{C, Oc(4)) factors via an injective map 

(11) i7°(C,Oc(4)®Oc(-2p)) -^T[c]Vl. 

Indeed, assume that C = Z{F), for F G <C[x,y,z]i and, up to an isomorphism 
of L, that F{x, y, 0) = xy^, i.e. p = [1, 0, 0] and q = [0, 1, 0]. 

Recall that a vector of T^^jV is given by a first order deformation F + e ■ G, 
where G G C[x,y,z]4 and = 0. This vector belongs to T[c]Vl if and only if 
{F + e ■ G){x,y,0) has at least a triple root. If we view G as a section of Op2{4) 
and wc consider the surjective restriction map p: iJ°(P^, Op2{A)) H'^{G, Oc(4)), 
we obtain an identification T[c]V ~ i?°(C, Oc'(4)). Notice that the vector space 
H°{C, Oc{^) (8) Oc{~2p)) is the image via p of the set of sections of Op2 (4) induced 
by polynomials G G C[x,y,z]4 such that Z{G) and C, and hence Z{G) and L, 
intersect each other with multiplicity at least 2 in p, i.e. polynomials G such that 

(12) G{x, y, 0) = y^i?, for some H G C[x, y]2. 

In this case, write H = Sif'a; + ay^, where H' G C[x,y]i and a G C. Then 
(i^ 4- e • G)(a:;, y, 0) = F(.^, y, 0) + 6 . G(a;, y, 0) = + e . = 

= ccy^ + e • (ay** + SH'xy'^) = (y + e • iJ')^(2: + e • ay), 
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where in the last equation we used the relation = 0. We see that {F+e-G){x, y, 0) 
has at least a triple root, hence it defines a vector of T[c] Vl, and hence there exists 
an injcctive map as required in (11). 

Suppose now that C is as in (ii). Set £ i'*Oc{^) ^ Oc"{—'2.pi ~P2)- Since 
gc^ — 2, we have h^{C^ ,C) = 12, by Riemann-Roch. As before, to conclude the 
proof of (ii) it is enough that there is an injective map H'^{C,C) ^ T[q]Vl- 

Indeed, let W C 7?°(C, Oc(4)) be the subspace obtained as the image via the 
restriction map p: fl"°(P^ Cp2(4)) H°{C, Oc{4:)) of the set of sections of Op2(4) 
induced by polynomials G satisfying (12). Arguing as for (i), we have an injec- 
tive map W T[c]Vl- If W C H°{C,Oc{^)) is the subspace of sections van- 
ishing on p, then W C W. Let i/* : H'^{C,Oc{'i)) ^ H^iC ,v*Oc{'^)) be the 
injective map induced by puUback of sections. Since p is a node, any section of 
H^IC, i^*Oc{4:) (8) Oc''{-pi -P2)) descends to a section of C'c(4) vanishing on p. 
Thus the restricted map v*\w' ■ W -> H^iC ,v*Oc{^) ® Oc-(-pi - P2)) is an 
isomorphism, identifying W with H^{C^,C), by the definition of W. Hence there 
is an injective map H^{C'^,£) ^ T[c]Vl, as required. 

To conclude the proof, suppose that C is as in (iii), with C = Z{F), F S 
C[x,2/,z]4. Recall that L = Z{z) and p = [1,0,0], hence F{x,y,Q) = 0. Let Z{H) 
be a plane quartic curve such that L <f_ Z{H) and [Z{H)] € Vl,p- Define 

C := {{q,t) G X A] such that Ft{q) t ■ H{q) + F{q) = 0} C x A]. 

If /: C — !• Aj is the restriction of the second projection morphism, then / is a 
deformation of C to curves of Vl p, because Ft{x,y,0) = t ■ H{x,y,0), and hence 
[C] G Vl,p. 

The vector space H^{C, Oc{^) ^ Cc(~3p)) is the image via the restriction map 
p: i/°(Op2(4)) H°{Ocii)) of the set of sections of 0,2(4) induced by polynomi- 
als G G C[x, y, z]i such that Z(G) and L intersect each other with multiplicity at 
least 3 in p, i.e. satisfying 

(13) G{x,y,0) = y^H, for some H e C[x,y]i. 

On the other hand, a first order deformation F 4- e • G of C is a vector of T^c]^L,p, 
if (F + e- G){x, y, 0) has at least a triple root in p. Then, since {F + e- G){x, y, 0) = 
eG{x, y, 0), the vector space T[c]Vl,p is given by the first order deformations F+e-G, 
for G satisfying (13). In this way, T[c]Vl,p ^ H^{C, Oc(4) ® C'c(-3p)). □ 

Lemma 3.2. Let [Ci] G V, where Ci is a nodal plane quartic curve which is union 
of an irreducible cubic Y with a node and a line L. Assume that Y Cl L contains 
no inflectionary points of Y . If Tci = ^C2j /'^'^ some [C2] G V, then Ci =6*2. 
In particular, the morphism J-": V — ?■ Sym?^{¥'^ ) of Proposition 2.5 is generically 
finite onto its image. 

Proof. Set T := T'ci = ^C2- First of all, we will show that C2 is a nodal plane 
quartic which is the union of an irreducible cubic with a node and a line. Indeed, by 
Remark 2.11, T consists of three lines of type of multiplicity 1, five lines of type 1 
of multiplicity 3 and one degenerate line of multiplicity 6. By Proposition 2.10(i) C2 
does not contain a cusp or a tacnode, i.e. C2 is nodal. Again by Proposition 2.10(i), 
C2 is reducible, otherwise J- would contain an even number of lines of multiplicity 3 
or 4. By Proposition 2.10(ii), C2 contains exactly one linear component, hence C2 
is a nodal plane quartic which is the union of an irreducible cubic W and a line M, 
and W has a node, otherwise T would contain at most three lines of multiplicity 3. 
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The linear eomponent both of Ci and of C2 is the reduction of the unique 
component of muhiphcity 6 of hence L = M. By contradiction, assume that 
Y T^W. Let C (P^)'' and W C (P^)^ be the dual curves of Y and W. Then 
_^ . Since Y and W are irreducible cubics with a node, and W^^ have 
degree 4. But and intersect each other at five smooth points, corresponding 
to the five components of multiplicity 3 of J- , and at three cusps, corresponding to 
the three components of multiplicity 1 of J^, contradicting Bczout's theorem. 

It follows from the first part of the proof that the cardinality of the fiber of F over 
J-{[Ci\) is one, then by semicontinuity J- is generically finite onto its image. □ 

For every line L C P^ and for every point p ^ L, consider the variety V^ p defined 
in (10). Notice that Vl,p is irreducible, because it is the intersection of V with a 
linear subspace of P^"* of codimension 3. In the proof of the next Theorem, we will 
follow the same strategy of [CSl, Theorem 5.2.1]. 

Theorem 3.3. Consider a line L C and a point p S L. Consider the morphism 
J-: V ^ S'ym^^(P^^) of Proposition 2.5. Then F\vl,v infective on a non-empty 
open subset ofVL,p. 

Proof. Let Co be a nodal plane quartic curve which is the union of an irreducible 
cubic Y with a node and L, with p G Cq" n L, and such that Y O L contains 
no infiectionary points of Y. Then [Co] e Vl,p, by Lemma 3.1(iii). Recall the 
configuration J^Co in Remark 2.11. Set {pi,P2,P3} := Y (1 L and let Li C -T^^o'' 
the tangent to Y at pi, for i G {1, 2, 3}. Let p4 be the node of Y and L4 C J-^'^'^ be 
one of the two lines of the tangent cone of Co at p^. Let L^, Lq, L7 be the inflection 
lines of type of Co and pi be the non-reduced point of n Co, for i G {5, 6, 7}. 

Let C i? be a smoothing of Co to general curves of Vl,p. By contradiction, 
assume the existence of a one parameter family of curves W ^ B such that Cb 7^ 
Wb G Vl,p, for 5 G B \ {0}, and Tc, = Tw„ for & G S. If 6 G B \ {0}, then 
Proposition 2.10(iii) implies that the maximum multiplicity of a component of J^'b 
is 2, and hence that Wb is smooth, because ~ J'w,,. We have two cases. 

Case 1. Assume that [Wo] G V. Since Fco = ^Wq, by Lemma 3.2 we have 
Co = Wo. We will show that ^\vl,p is an immersion at Co, implying that Cb = Wb, 
for 6 G B \ {0}, which is a contradiction. Let v. C^ — > Co and vy'- Y'^ — > y be 
respectively the normalizations of Co and Y, where Cq = Y'^UL. Set {pi.i,Pi,2} ■= 
i^^^{pi), for i G {1,2,3,4}, where pi i G y, for i G {1,2,3}, and let V be the locus 
of Vl,p parametrizing curves with Li, . . . , L7 as inflection lines. Then [Cq] G V and, 
up to switching p^^i and P4.2, by Lemma 3.1 we have 

T[Co]Vci^O(r^/:l)©i^O(L,£2), 

where 

Ci := z/^.Oy(4) Oy. 1^-2 (^IlP'.ij -P4,2 - 2p5 - 2pe - 2p7^ ~ Opi(-3) 
and 

C2 := Ol(4) ® Ol{-Pu2 - P2,2 - P3,2 - 3p) ~ Opi (-2). 
In this way, T^c^jV C 7J"(P\ Opi (-3)) © iJ°(P\ Opi (-2)) = 0. Denoting by F the 
fiber over the image of [Co] under the morphism F\vl that is 

F:^ (-^|v.J-^(^|v..,([Co])), 
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we have the inclusion of tangent spaces 

hence J-\vl p is an immersion at [Co]. 

Case 2. Assmne that [Wo] ^ V. If Wq is GIT-semistable, then either it has an 
infinite stabilizer, or it is non-reduced, and hence it is a double conic. In any case, 
either Wq is GIT-unstable, or it has an infinite stabilizer. By the GIT-semistable 
replacement property (see [CSl, Section 2.1]), up to a finite base change totally 
ramified over G -B, we can assume that there are a family Z B oi curves of V 
and a morphism p: B\{0}^ PGL{3) such that Zf, = W^^'''' for every b € B\ {0}. 
In particular, J^z^ = (•^Wb)''^^^ for e i? \ {0}. RecaU that J^Co = J'Wo^ hence 
J-Cq and J-Zg are limits of PGL(3)-conjugate families of configuration of lines of 
Sym^''(P^^). In this way, if Orbjr^^ is the PGL(3)-orbit of Tcg, and Orbj^^o 
closure in Sym^^(P^^), then Fzq & Orbjr^^^. 

If J-Zo e Orbjr^^, then J'zo = i^Co)^ — -^cgj for some g £ PGL{3), and hence 
Zq ~ Cg, by Lemma 3.2. In this way, we can assume that a family which is a 
scmistable replacement oi W B has Co as central fiber and, after acting with 
PGL(S), we can argue as in Case 1, obtaining a contradiction. 

If J-Zo G Orbjr^^ — Orbjr^^ , then Tzo is GIT-unstable, because J^Co is GIT- 
stable, by Proposition 2.12(ii). Thus, Zq contains either two cusps or one tacnode, 
by Proposition 2.12(i). Notice that J^Zo is degeneration of configurations of lines 
conjugate to J-'ca- 

If Zq contains two cusps, then by Proposition 2.10(i) there are two distinct 
component Mi,M2 C J-'zg such that ^Mi^Zq = P'M2^z„ = 8. Then both AIi 
and M2 are degenerations of a set of inflection lines whose multiplicities sum up 
to 8. This is not possible because, by Remark 2.11, consists of three lines of 
multiplicity 1, five lines of multiplicity 3 and one line of multiplicity 6. 

If Zq contains one tacnode, then arguing as in [CSl, Proposition 5.1.1, page 
241], we can assume that Zq is either irreducible with Z^"^^ consisting exactly of 
one tacnode, or Zq is the union of a line and a smooth irreducible cubic that are 
tangent at a non-inflectionary point of the cubic. By Remark 2.11, Zq has at least 
six inflection lines of type each one of which has multiplicity at most 2. This is 
not possible, because J-Co contains only three lines of multiplicity at most two. □ 

4. Inflection lines of plane cubics 

Let C C be a smooth plane cubic over a field k and let Tq C (P^)^ be the 
locus of inflection lines to the cubic C. The purpose of this section is to show that 
the cubic C can be reconstructed from the subset Tq C (P^)^ if the characteristic 
of k is different from three (Theorem 4.6). Note that we need not assume that the 
field k is algebraically closed. 

Inflection points to a smooth plane cubic correspond to cubic roots of the class 
of a line and are therefore a torsor under the three-torsion subgroup of the Jacobian 
of the curve. Thus, in the case of flelds of characteristic three, there is little hope 
of reconstructing a smooth plane cubic from its inflection lines. More speciflcally, 
let fc be a field of characteristic three; for A G fc^ let Ca be the smooth projective 
cubic 

(14) Cx: + + ^ Xxyz ^ 0. 
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Let Fa be the set of points {[1, —1, 0], [1, 0, —1], [0, 1, —1]} of C\. It is easy to check 
that F\ is the set of inflection points of the curve C\ and that the inflection lines to 
Cx are the lines {a; = 0, ?/ = 0, z = 0}. We conclude that the inflection points and 
the inflection lines for all the cubics Cx coincide, so that in this case it is impossible 
to reconstruct a smooth plane cubic from the set of inflection lines, even if all the 
inflection points are given. For this reason, we assume that the characteristic of 
the ground field is not three. 

The reconstruction method that wc follow proceeds essentially by identifying the 
dual curve to the cubic C . If the characteristic of k is different from two, we show 
that there is a unique reduced sextic in (P^)^ having cusps at the nine points in 
Tc- In the characteristic two case, there are two possibilities. If the j-invariant of 
the curve C is non-zero, then there is a unique plane cubic in (P^)^ containing Tc 
and this cubic is isomorphic to C . If the j-invariant of the curve C is zero, then 
there is a pencil of plane cubics containing Tc, but there is a unique cubic in the 
pencil with vanishing j-invariant; this curve is isomorphic to C . 

To solve the reconstruction problem we study linear systems associated to the 
anticanonical divisor of the blow up Sc of (P^)^ along Tc- With the unique excep- 
tion {c\i&r {k),j{C)) = (2, 0), we show that the anticanonical class on Sc is linearly 
equivalent to a unique effective divisor and that twice the anticanonical linear sys- 
tem is a base-point free pencil (Corollary 4.4). This implies that the points of Tc 
are the base locus of a Halphen pencil of index two. In the exceptional case the 
anticanonical linear system itself is a base-point free pencil. 

We start by proving a lemma that allows us to compute dimensions of certain 
special kinds of linear systems on surfaces. 

Lemma 4.1. Let X be a smooth projective surface over a field and let N be an 

effective nef divisor on X such that the equality N"^ ~ holds. If the divisor N is 
connected and reduced, then the linear system \N\ has dimension at most one, and 
it is base-point free if it has dimension one. If the linear system \N\ is base-point 
free, then no element of \2N\ is connected and reduced. 

Proof. Assume that N is connected and reduced; we first show that the linear 
system |iV| either has dimension zero or it is base-point free. Write N = M + F, 
where F is the fixed divisor of |Af| and M is a base-component free divisor. By the 
assumptions, the equalities 

O^N^ = {]\I + F)^ = M ■ [M + F) + F{M + F) 

hold; since M -f F is nef and M and F are both effective, we deduce that the last 
two summands in the previous equality are non-negative so that also the equalities 
M ■ [M + F) = F ■ {M + F) =0 hold. Similarly, the divisor M is nef, because 
it has no base components, and hence M ■ M = M ■ F ^ 0. Since the divisor N 
is reduced, the divisors M and F have no components in common, and since N is 
connected, the equality M • F = implies that either M or F vanishes. If M = 0, 
then the linear system |A^| has dimension zero and we are done. If TV = 0, then the 
linear system \N\ is base-component free, and the number of base-points is bounded 
above by iV^ = 0, so that |A^| is base-point free. 

Thus we reduce to the case in which N is non-zero and the linear system |iV 
is base-point free, and we need to show that the dimension of |A^| is one. Let 
(p: X ^ \N\'^ be the morphism determined by N. Since N'^ = 0, the image R oi ip 
is a curve. The divisor N is the inverse image of a hyperplane H in jA^ |^ under the 
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morphism Lp, and since by assumption N is connected and reduced, we deduce that 
the intersection of the hyperplane H with R is also reduced and connected. Since 
i? is a curve, it follows that R has degree one and it is therefore a line. Because 
R C is not contained in any hyperplane, it follows that R = |Af|^, and we 

conclude that the dimension of \N\ is one, as required. 

To prove the last assertion, note that the inequality dim |iV| > 1 implies the 
inequality dim |2iV| > 2, so that the linear system |2iV| cannot contain a connected 
and reduced divisor by the first part of the lemma. □ 

The following result shows that the set of inflection lines to a smooth plane cubic 
forms the base point of a Halphen pencil of index two with a unique exception; we 
analyze separately the exception. We chose a quick explicit argument to handle 
the case of characteristic two. From a characteristic-free point of view, the case 
of vanishing j-invariant is special because it is the only case in which three inflec- 
tion lines to a smooth plane cubic are concurrent. This fact, combined with the 
inseparability of the Gauss map in characteristic two, accounts for the exception. 

Lemma 4.2. Let k be a field of characteristic different from three. Let C C 
he a smooth cubic curve over k, and let Sc be the blow up of the projective plane 
(P^)^ dual to P^ at the points corresponding to the inflection lines to C . The anti- 
canonical divisor —Ksc of Sc is nef and linearly equivalent to an effective divisor; 
the linear system \—2Ksc\ is base-point free. Moreover, extending the ground field 
if necessary, the linear system \—2Ksc\ contains a connected and reduced divisor, 
unless char(fc) = 2 and the j-invariant of C vanishes. 

Proof. Let Tc C (P^)^ denote the set of inflection lines to the cubic C, and recall 
that Tc consists of nine distinct points. The surface Sc is the blow up of the 
projective plane (P^)^ at the nine points in Tc. Since there is always a plane cubic 
curve containing any nine points, we deduce that the anticanonical divisor of Sc 
is linearly equivalent to an effective divisor, and that the linear system |— 2ii'5p| 
contains non- reduced divisors corresponding to twice the divisors in |— isTs^j. 

Let denote the strict transform in Sc of the curve dual to C. The curve 
Cy is an irreducible element of the linear system —2Ks on Sc and it is reduced 
if and only if char(fc) ^ 2. Since the equality (C^)^ = holds, the anticanonical 
divisor —Ksc ^^^f. To conclude we show that the linear system |— 2iirsp| contains 
a connected and reduced divisor, possibly after an extension of the ground field; 
the result then follows applying Lemma 4.1. 

If the characteristic of the field k is different from two, then the linear system 
— 2A'5p| contains the integral divisor and we are done. 

Suppose that the j-invariant of C is non-zero. We show, assuming that the 
ground field is algebraically closed, that there is a connected reduced divisor in the 
linear system \—2Ksf^ \ not containing the reduction (C^)red as a component. Let 

H: {Xn{x^ + y^ + z^) ~ SXixyz =^ 0} 

be the pencil of plane cubics parameterized by [Ao,Ai] G P^; the pencil H is also 
knowledge as the Hesse pencil. Over an algebraically closed field of characteristic 
different from three, any isomorphism between plane cubics is induced, up to com- 
position with a translation, by an isomorphism sending an inflection point to an 
inflection point, and is therefore realized by a projective equivalence. Thus, over an 
algebraically closed field of characteristic different from three, every non-singular 



RECOVERING PLANE CURVES OF LOW DEGREE 



21 



plane cubic is projectively equivalent to a curve appearing in the Hesse pencil, since 
the j-invariant in the family % is non-constant. To prove the result we shall assume 
that the curve C is the curve 

Cx : {x^ + + - 3Xxyz = 0} 

in the pencil H corresponding to the parameter [1,A] G P^. The inflection points 
of the curve C\ are the nine points 

[l,e,0] , [1,0, e] , [0,1, e], where + 1 = 0, 

and the corresponding inflection lines are the lines with equations 

x + u}y + Xcj'^z = , x + Xuj'^y + ujz = , Xuj'^x + y + ujz ~ 0, where w'^ = 1. 

It is therefore clear that the sextic {Xx^ — yz)(Xy'^ — xz)(Xz'^ ~ xy) corresponds 
to an element Y,x of \~2Ks^\ that is connected and reduced, if A 7^ 0. Since the 
divisor is a union of conies, it follows that I]> docs not contain C^. To conclude, 
observe that the j-invariant of the curve Co vanishes. □ 

Remark 4.3. The exception mentioned in Lemma 4.2 is necessary. Let C be 
the Fermat cubic curve with equation x'^ +y^ + ^ over a field of characteristic 
different from three. As in the proof of Lemma 4.2, the inflection points of the 
curve F arc the points with coordinates 

(15) [l,e,0] , [1,0, e] , [0,1, e], where + 1 = 

and the corresponding inflection lines are the points with coordinates [1, — e^, 0] in 
(P^)^ (up to permutations). Therefore, the coordinates of the inflection points of 
the Fermat cubic involve cubic roots of —1, while the coordinates of its inflection 
lines involve cubic roots of 1: in the case of a held of characteristic two, the config- 
uration of infiection points and the configuration of inflection lines are projectively 
equivalent! Thus we see that the set T of the points in (15) is the base locus of the 
Hesse pencil and we conclude that the anticanonical linear system of the surface 
Sf obtained by blowing up P^ along T has dimension at least one. It follows at 
once that the dimension of the anticanonical linear system on Sp is one. 

Corollary 4.4. Let k be a field of characteristic different from three. Let C C 
P^ he a smooth cubic curve over k, and let Sc be the blow up of the projective 
plane (P^)^ dual to P^ at the points corresponding to the infiection lines to C; 
if the characteristic of k is two, then assume also that the j-invariant of C is 
non-zero. The linear system \~2Ksc\ on Sc is a base-point free pencil and the 
associated morphism Sc is a rational elliptic surface with a unique multiple 

fiber corresponding to twice the unique element of \—Ksc\. 

Proof. By Lemma 4.2, the linear system |— 2iir5^| is base-point free and contains a 
connected and reduced divisor R. Applying Lemma 4.1 with X ^ Sc and N = R, 
we deduce that the dimension of the linear system [—2X5^1 is one and that the 
dimension of the linear system |— i^s^l is zero. The result follows. □ 

Theorem 4.5. Let C C P^ be a smooth plane cubic curve over a field k of charac- 
teristic relatively prime to six and let Tc C (P'^)^ be the set of infiection lines of C . 
Lf a plane sextic (P^)^ is reduced, singular at all the points in Tc and has a cusp 
at one of the points in Tc, then it is the dual curve of C and in particular all 
of its singular points are cusps. 
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Proof. As before, denote by Sc the blow up of (P^)^ at the pomts of Tc, so that Sc 
is a smooth projective rational surface. By Corollary 4.4, the linear system \ \ 
induces a morphism (p : Sc — >■ exhibiting Sc as a rational elliptic surface with a 
multiple fiber B. One of the fibers of (p corresponds to the sextic curve C (P^)^ 
dual to the curve C: we denote this fiber of (/3 by C . 

Let f € Tc he a point corresponding to an inflection line to C. Denote by Ef the 
exceptional curve of Sc lying above the point /, so that (i?/)^ = - Ef = —1. A 
reduced curve D in |— 2A'sc| intersects the exceptional curve i?/ at a subscheme of 
length two that is non-reduced exactly when the plane sextic corresponding to D 
has a cusp at /. Moreover, the intersection of Ef with a fiber of f is non-reduced 
precisely when the morphism ifilsf ramifies. The restriction of the morphism (p to 
the curve Ef has degree {—2Ksc)-Ef ~ 2, and hence it has exactly two ramification 
points. One of the ramification points is Ef n B, since the intersection of Ef with 
the multiple fiber is non-reduced. We also know that the morphism V'I-E/ ramifies 

at the point Ef n C^, since the sextic corresponding to c'^ is the dual of C and 
hence it has a cusp at /. We therefore see that the two ramification points of the 
morphism flsf arc one in the multiple fiber 2B and the other in the fiber C . Since 
this is true for all points / G Tc, we conclude that the only reduced plane sextic 
having a singular point at each point of Tc one of which is a cusp is the sextic , 
and we are done. □ 

Theorem 4.6 (Reconstruction Theorem). Let C CZ be a smooth plane cubic 
curve over a field k of characteristic different from three and let Tc C (P^)^ be 
the set of inflection lines of C. There is a unique (geometrically) integral curve 
C C (P2)^ such that 

• i/char(A:) ^ 2, then C is a sextic with cusps at the points ofTc; 

• i/char(A:) = 2 and j(C) ^ 0, then C is a cubic containing Tc; 

• if char (k) = 2 and j{C) = 0, then C is a cubic containing Tc, with van- 
ishing j -invariant. 

Moreover, the space of cubics in (P^)^ containing Tc has dimension one if and only 
z/ (char(fc), j(C)) = (2,0). In all cases, the curve C described above is the dual of 
the curve C . 

Proof. If the characteristic of the field k is different from two, then the result is a 
consequence of Theorem 4.5. 

Suppose now that the characteristic of the field k is two. In this case, the Gauss 
map is purely inseparable and the reduced image of the Gauss map of the curve 
C is a cubic in (P^)^ containing Tc- If the j-invariant of the curve C is non-zero, 
then Corollary 4.4 implies that there is a unique cubic C in (P^)^ containing Tc, 
and hence the cubic C must be the curve , as required. 

Finally, suppose that the j-invariant of the curve C is zero (and char(fc) = 2), 
so that the linear system A of cubics in (P^)^ containing Tc has dimension at 
least one. The reduced dual of C is an integral cubic in (P^)^ containing Tc; 
Lemma 4.1 shows that the linear system A has dimension exactly one. Since A is 
a pencil of plane cubics containing smooth fibers, we deduce that the j-invariant 
of the pencil is a morphism of degree twelve. Since the curve C has j-invariant 
zero and the characteristic of the field k is two, the automorphism group of the 
curve C has order 24 over any algebraically closed extension of k. In particular, the 
multiplicity of the fiber of the j-invariant corresponding to the curve is twelve. 
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and hence there is a unique curve with j-invariant zero in the pencil A, namely C^. 
Thus also in this case, the curve C coincides with the curve C^, and the result 
follows. □ 
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